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Exercise 1 (Young’s Inequality). Let 1 < p,q,r < oo be such that — + - =1+ % Prove that for all
p q

f € LP(R?) and g € LY(R?), for £? almost every = € R?, the integral

- / f(& - y)g(w)dy
Rd

| f *gHL"(Rd) < Hf”LP(Rd) ||9||Lq(Rd)

converges, and that we have

Hint: First treat the case p = ¢ = 1, then p = 1 and 1 < ¢ < oo. In general, write |f(x — y)||g(y)| =
(£ (@ =g P) (| f (@ — )| ~¥g(y)|*~#) for well-chosen 0 < «, 3 < 1 and apply Hélder’s inequality.

Exercise 2 (A Direct Proof of the Poincaré Inequality). Let B = B(zg,7) C R? be an open ball and let
u € CY(B) be a function of zero average on B, i.e., that satisfies

/Bu(x)da: =0.

1. Show that

;/BUQ(I)CZI = 2|;2/B B(u(x) _ U(y))de dy.

1Bl / = 2\B|2 /BXB (/01 Vu(te + (1 - t)y)2dt) dx dy.

Show that for all z € B, we have

4
/BltB+(1 1)y (2 )dy<m1n{1 (1—t)d}|B|'

3. Deduce that there exists a constant C' < co (independent of u, xg, and r) such that

1 3 1 H
B

4. Conclude that for all u € W2(B), we have

1 o \? 1 2 \?
B B\ufuB| dr| <Cr B B|Vu| dr |

where upg is the average of u on B.

2. Deduce that

Exercise 3. Show that for all 0 < s < 1, we have

2
H*(R?Y) = L3 (R%) N / / luz) — u(y)I” dzd .
R) = { Rd JRd \x - y|d+25 y=oe
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Exercise 4. Let d > 2 and s > g

1. Show that there exists C'; < oo such that for all 1 < j,k < d and for all u € H?(R%), we have

|7

(%cj@:vk Y

<Ci HAUHI}(W) .
L2(R4)

2. Show that there exists Cy < oo such that for all u € H?(R3), we have
e gy < Co (1Nl gy + 180l 2y ) -
By a scaling argument, deduce the following inequality (for some C3 < oo independent of u)

||UHL<>0(R3) <Cs ||VU||EZ(R3) HAU”E2(R3) :



